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ABSTRACT
~".,
A theoretical study is made of the post-buckling deflection
modes of a clamped infinitely long rectangular plate subjected to
biaxial compressive edge strains and leaning against a flat rigid
.surface. This analysis is intended to be used as a phase in the
. detennination of the ultimate strength of t~e side-wall liner plat-
ing in prestressed concrete containment vessels. The relative di-
" mensions of the plates are such that elastic buckling will take
place before the ultimate strength is reached. The most probable
configurations of the buckled 'panel area wave surface and a cy-'
lindrical surface. In this study the energy levels of these two.
potential deflection shapes are compared for a series of different·
strain combinations to determine which shape is most likely to form.
The ,major parameters influencing the occurrence of one or the other
shape were found to be the ratio of the edge strains in the two
directions (e l /e2) and the plate wi'dth to thickness ratio. (a/t).
. The possibility ~f secondary buckling in the post-buckling range
was also considered. It is concluded that the cylindrical· surface
is most likely to develop for the (el/~2)'values typical in. practi-'
cal design.
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NOTATION
width of the panel plate
-plate bending rigidity;
12 (l-~)
Young's modulus
average membrane stress in x direction
average membrane stress in y direction
total strain energy
strain energy due to bending
strain energy due-to membrane stresses
strain energy per unit length of the panel plate
(1-v2) U
plate thickness
displacement in x direction
edge displacement in x direction
displacement in y direction
edge displacement in y direction
·total potential
out-of-plane displacement
unknown deflection parameter
cartesian coordinate axes
-membrane shearing strain
edge strain in x direction
edge strain in y direction
membrane strain in x direction
v\.
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membrane strain in y direction
Poisson's ratio
membrane stress in x direction
membrane stress in y direction
membrane shearing stress
Airy's stress function
4 ' 4 4
...L + 2 _o:::..-.~ + _0_'
ax4 ox2 o? oy4
. .
-iv-
LIST OF TABLES AND FIGURES
-- Table: Typical Strains (x106 ) in Lining of Reactor Vessels
Figure 1: Assumed Deflection Shapes of the Panel Plate
. (a) Panel Plate Buckled into a Wave Surface
(b) Panel Plate Buckled into a Cylindrical Surface
- -Figure 2: Clamped Square Plate under Biaxial Edge Strains
Figure 3: Unit Length of a Rectangular Plate Buckled into a
Cylindrical Surface
. Figure 4: Deflection Modes for Different Strain Ratios (e Ie )
1 2
and (a/t) = 60
Figure 5: Energy Levels of Wave and Cylindrical Surfaces for
(a/t) = 40
(a)
(b)
Energy Levels for
En~rgy Levels for
(e Ie ) = 2.0
1 2
(e Ie ) = 3.0
1 2
Figure 6: Energy Levels of Wave and Cylindrical Surfaces for
(a/t) = 80
(a)
(b)
Energy Levels for
Energy"Leve1s for
(e Ie ) = 2.0
1 2
(e Ie ) = 3.0
1 2
".
1. INTRODUCTION·
In prestressed concrete containment vessels of atomic reactors
a lining is required to prevent chemical effects of hot carbon dioxide
upon the inner concrete. surface and to ensure gas-tightness. The most
popular form of the liner is a steel membrane which absorbs dimensional
changes by overall straining. The contribution of the lining to the
structural strength of the vessel is considered to be negligible. Thus
the lining is designed to accol1llI1odate the strains of the inside surface
of the concrete and those due to the relative thermal eJ<;pansion. Since
these strains are mostly compressive, the lining will function in a
compressive, biaxially-strained st~te.
The strain between the lining and the concrete is transmitted
by rib anchors (shear connectors) which connect the lining to the in-
side concrete surface. Furthermore, rib anchors subdivide the lining
into a number of panels. Each panel is subjected to loadings due to
the dimensional changes of the pressure vessel, the temperature effects,
and the internal pressure, and behaves substantially like an infinitely
long rectangular plate under biaxial compression and normal pressure.
The relative and absolute magnitude of the loads on.a panel
may vary because of differences in material properties, changes in thick-
ness from· panel to panel, and ~ifferent initial out-of~flatness. In order
to have a safe design it is thus necessary to consider the worst case by
assuming that the strongest and the weakest panels are adjacent and in a
position in the vessel where the strains and strain gradients are at a
maximum.. The difference in loads carried by the adjacent panels is taken
-1-
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by the rib anchors at the junction of the panels. Because of the flexi-
bility of the rib anchors and the deformation of concrete under load,
some slip occurs between the lining and the vessel. The slip results
in an increased average strain in the weak panel "and a decreased strain
in the adjoining strong panels. This effect should be also included as
a service condition.
A series of papers have been publi~hed on the design of lining
for reactor vessels. Hardingham, Parker, and Spruce [1] describe the
principal features of the lining used in the vessels fo~ Oldbury-on-Severn
power station, the factors governing its design, and the theoretical and
experimental approaches which led to the particular design details adopted .
.A large.portion of their work consisted of experimental and theoretical
investigations into-the behavior of panels under biaxial compression to
·strains beyond yielding. Young and Tate [2] paid particular attention
to the design of the lining against the possibility of rupture and buck-
ling. They also studied the anchorage design in some detail. Chapman
and Carter [3] studied the load/slip properties of shear connectors.
They performed a theoretical analysis in order to find the lining strains
and shear connector slips in terms of the vessel strains and the" stiff-
ness of the lining and connectors. The lining discontinuity was assumed
to be that of a buckled panel of minimum strength bounded by unbuckled
panels of maximum strength. Bishop, H~rseman, and White [4] described
the loads induced by concrete stressing and temperature effects, gave a
,".
review of the p~ssible general forms of construction, and discussed the
design of penetr~tionsand cooling systems. Chan [5] dealt with the
case of a hollow cylinder of infinite length. Assuming that t~e liner·
-3-
buckles into a cylindrical surface as the concret~ is prestressed, he
concluded that buckling can be suppressed by anchoring the lining to
the concrete with the anchors spaced circumferentially at a distance
2. Stile, where t is the thickness of the liner and .e is the circumfer-
ential strain imposed by prestressing.
in general, the relative dimensions of panel plates are such
that elastic Duckling will take~place before the ultimate strength of
the plate is reached and the post-buckling behavior of the panel plate
must be analyzed. Under the existing straining conditions the two most
likely configurations of the buckled panel are a wave surface and a
cylindrical surface as shown in Figs. la and lb. Difficulties of the
post-buckling analysis necessitate that the type of the deflection sur-
face be determined in advance. In this paper the more probable surface
is found by comparing the strain energies of these two potential de-
flection modes.
In order to simplify the computation of the energy levels, the
panel plate buckled into a wave surface is assumed to consist of a num-
ber of clamped square plates with the side equal to the panel width
(Fig. la). With this assumption the strain energy of the panel plat~
buckled into a wave surface can be determined by considering one of
these clamped, square plates (Fig. 2). The energy computation of the
panel plate buckled into a cylindrical surface is ~ade by taking a
portion of it with a unit width (Fig. 3). Large deformations of'the
post-buckling range are considered in both cases.
Schnadel [6J. presented an approximate analysis'of the post-
buckling behavior of a simply supported plate loaded on two opposite
-4-
edges. Timoshenko [7], and Marguerre and Trefftz [8] formulated the
strain energy of plates with large deflections. Marguerre [9] presented
a more accurage analysis for the post-buckling behavior of simply sup-
ported· rectangular plates where he used the principle of minimum total
potential to determine the unknown parameter in the assumed expression
for the deflection. Levy [10,11] gave solutions for simply supported
and clamped r~ctangular plates under combined axial load and normal pres-
sure. Although his solutions are theoretically of exact nature, numerical
results can be obtained only very laboriously. Levy's solution has been
extended by Hu, Lundquist, and Batdorf [12] to include plates with small
initial deviations from flatness. Coan'[13] has further extende~ Levy's
solution to allow for non-uniform edge displacements.
In the study reported here, an approximate solution is given
for a clamped square platehavin~ large deflections under biaxial com-
pression using some ideas of [9]. A suitable expression containing one
unknown parameter is assumed for the deflected shape of the plate, and
the unknown parameter is then determined by the principle of. minimum
total potential. Also, the post-buckling behavior of a plate buckled
into a cylindrical surface under biaxial compression is analyzed.
In the comparison of the energies of the two potential deflec-
tion shapes, the lining material is assumed to have an infinite propor-
tional limit ~nd a Poisson's ratio equal to 0.3. The ratio of the strains
in the two directions (e Ie ) and the ratio of the plate width to the
1 :3
.
plate thickness (a/t) are found to be the major parameters determining
the relative probability of one or the other shape. In particular, the'
influence of the ratio (e Ie ) on the deflection ~hape is illustrated1 :3 .
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in Fig. 4 for a plate with alt = 60. It can be observed that for some
values of e Ie there exists in the post-buckling range the possibility
1 :a
for secondary buckling. For example, the value of e le= 0.50 leads to
1 :a
the buckling into a cylindrical surface, but after some.additional strain-
ing the shape changes into a wave surface as indicated by the intersection
of the curve with the e - coordinate.
1
The energy levels of the two deflection modes aiecompared for
._-..
--- - _. --- ... - .
the values of the :strain ratio(e Ie) which represent the straining con-
1 :a
-.--- ... -_-----.~--.,-----.---ditions- ·of-the -weakest- panel typical for prac-trcaI~aes:Lgn::---n-:Ls-rouna---·--·------
that the most likely configuration-of the panel plate in the post-buckling
range is a cylindrical surface.
\ -
....o.t.;,.. .-.......-.__..... _ •..••• _,.~._---••__ •._._.-.- -- --_. '-' •• _<
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2. BASIC EQUATIO~S
The large deflection theory of thin plates is governed by the
following two partial, non-linear differential. equations [7]:
(la)
(lb)
where D = Et3 /12(1--?), w is the out-of-p1ane deflection, and ~ is Airy's
stress function. Equation (la) e~presses the in-plane equilibrium and
compatibility, whereas Eq. (lb) "expresses the ou t-of-p1ane equilibrium.
The pertinent strain displacement relationship including the
second order terms are
(2a)
(2b)
(2c)
where e and e "are the membrane strains in x and y directions, respec-
_ x y
tive1y, y is the membrane shearing strain, u is the displacement in
xy
x direction, and v is the displacement in y direction.
-7-
lbe general solution of Eqs. (la) and (lb) is not available.
However, some approximate solutions can be obtained by assuming suitable
functions for one or all of the three displacements u, v, ,and w. The
functions will contain a number of unknown parameters and the determin-
ation of these parameters constitutes the solution of the problem.
The principle of minimum total potential is here employed in
the determination' of the unknown parameters. In the application of the
method, it is necessary to compute the strain energy of the plate. For
large plate deflections strain energy consists of two contributions,
Us due to membrane stresses, and UB due to bending. U is given bys
U
s
Et
=----
12 (1-";)
a/2
J
-a/2
b/2
J ( 1-V! 2)e 2 + e 2 + 2'V e e + -2- "y dx dy. x y x y . xy
-b/2
which, in terms of stress function ~, can be written in the form
a/2
J
-a/2
(3)
\.
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and UB is given by
a/2
J
-a/2
(4)
where a and b are the dimensions of a rectangular plate.
In the following sections, Eqs. (la) and (lb) are solved for
the two deflection modes (wave and cylindrical), and exp~essions for the
energy levels are derived as functions of the edge displacements.
\ .
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3 .. LARGE DEFLECTION ANALYSIS OF CLAMPED
SQUARE PLATES
A clamped square plate subjected to biaxial compression is
shown in Fig. 2. It is assumed that the edges. remain straight and the
plate undergoes deformations as shown by the dotted outline. u and v
a a
.designate the constant edge displacements. The average edge strains €
1
and € . are related to the edge disp lacements through
:3
(5)
where a is the original side length of the plate.
The boundary conditions are the following:
(1) w <± a/2, y) = w (x, + a/2) = 0
(2) ~: (± a/2, y) = ~; (x, + a/2) = 0
(3) The edges remain straight
ou ov
oy (± a/2, y) = Ox (x, ± a/2) = 0
(4) The shearing stress is zero along the edges. This
condition together with condition (3) requires that
Ov / ou /Ox (± a 2, y) = oY (x, ± a 2) = 0
,.
(5) Edge displacements are equal to u and v , and are given by
a· a
€l ~ a/2
u = -2- = J ou dx
4 OX
o
€ a a/2
:a S ov .v = 2 - dy
a 0 oY
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The deflection function w satisfying boundary conditions (1)
and (2) is assumed to be
w = w
o
(1 + cos ~11 x) (1 + cos' 2: y)
. where w is the unknown deflection parameter.
o
Substitution of Eq. (6) into Eq. (la) results in
(6)
BE rr4 w 2
o
[
211
cos - x
a .
~ ~ ~ ~
+ cos - Y + cos - x +cos -a u + 2 cos - x
a a a
cos 2: y + cos 2: x cos 4: y + cos ~ x cos ~T1 y ]
This differential equation together with the boundary conditions
(3) and (4) is used next to determine the stress function ~.Theparti-
cular solution is found to be
~p = -
E w 2 r
2a LCOS 2; x + cos 2; y + t cos 2; x cos 2; y
+ {6 (cos 4: x +cos 4: y) + is (cos ~11 x cos 2
a
l1 y
\ .
. -11-
and the complementary solution as proposed in [91 is taken in the form
of
'With these, the complete solution for i becomes
2TT
-x
a
2TT 1 2TT . 2TT 1
+ cos - Y + - cos - x cos - y + -
a 2 a a 16 (
4TT
cos- x
. a .
. + cos ;: Y) + 2~ (cos ;: x cos 2: y + cos 2: x cos ~TT y j
(7)
where p and p are the average membrane stresses in x and y directions,
1 a .
respectively. Unknown at this point, they will be later determined .in
terms of the edge strains € and € •
1 . a
It remains to verify that this solution for ~ satisfies boundary
conditions (3) and (4). The in-plane stresses as obtained from ~ are
given by·
oa~ En"W
a
[ 2TT 2TT
O"X =- - Pl + 0 2 cos - y + cos - X\oya· a2 a a
2TT .
+.! 4TT 2 4ri 211• cos - y cos - y + - cos - x cos -y
. a 2 a 25 a a
+ 285 cos 2: x cos 4; yJ (8a)
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ETf3 w 3
oP +--~­
a
• 2TT . 2TT
2 cos - x + cos - x
a. a
2TT I 4TT 8 4TT 2TT
cos a Y + '2 cos a x + 25 cos a x cos a Y
2 2TT 4TT
+ 25 cos - x cos - Ya a
02~ ETTa w a 2TT 2TT0
or = - = sin - x sin - Y +xy OX OY aa a a'
• 2TT • 4TT • 2TT • 4TTs~n - y s~n - x + s~n - x s~n -. Y
a a a· a
(8b)
(8c)
Membrane strains €x and €y are obtained by substituting
Eqs~ (8a) and (8b) into Hooke's stress-strain relationships
2n 2TT2 cos - y - 2v cos - x
a a
2TT 2TT I 4TT
+ (I-V) cos - x cos - y + - cos - y -
a a 2 a·
V 4TT 2 4TT 2TT
'2 cos a x + 25 (1-4v) cos a x cos a y +
2 . 2TT 4TT
+B(4-v) cos a x cos a y
. 1..
(9~)
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= .! .(O'y - \)cr ) = .! (p - 'JP ) + rf4 wo
2
. [2 cos 2'TT X _ 2\) cos ~ Y +
ey E x E 2 1 a2 . a a
2'TT 2'TT 1 4'TT
+ (l-\) cos - x cos - y + - cos - x .-
a . a 2 a
\) 4'TT 2 4'TT 2'11
- '2 cos a y + 25 (4-\) cos a x cos a y +
+..!. (l-4\)
25
2'TT 4'TT ]cos - x cos - y
a a
(9b)
Rearranging Eqs. (2a) and (2b) to
OU = 1 (aw{:
OX ex 2 .ox
ov 1 (ow)2
-= ey - '2oY oy
and introducing ex and ey from Eqs. (9a) and (9b) and w from Eq. (6)
and integrating, displacements u and v are found to be given by
u = sou dx 1 n2 w 2 [ 2n(P
1
'JP2 )
a
= - x + 2x cos a yOX E
a2
\)a 2'TT +~ (l-\) 2'TT 2'TT
- -
sin - x cos - y sin - x +
'TT a 2'TT a a
1 4'TT \)a. 4'TT a (1 4 ) 2'TT. i 4'TT t+ '2 x cos a y - 8'TT sln a x + 50'TT . - \) cos a y s n a x
\ a 4'TT
+ 25fT (4-\) cos a y . 2'TTSLn - x -
a
-14-
1rr2- w 2
V c SaV dy = - (p - Vp ) Y + 0
aY E 2 1 Ba'"
2TT
COS -- X -
a
va 2TT a 2TT . 2TT
- n sin a Y + 2TT (I-v) cos a x Sln a Y +
I 4TT va. 4TT a 4TT. 2TT
+ 2' Y cos a x - BTT nn a Y + 25TT (4-v) cos -;- x Sln a Y+
a ( 4) 2TT • 4TT
+ SOTT 1- v cos a x Sln a Y -
_ (~ + 2co s 2: x + ! co s 4: x) (Y - t" y sin ~" Y~ + h (x)
where g(y) and h(x) are the unknown integration functions. Differenti-
ation of u and v with respect to y and x, respectively, gives
aU = _ _"a__w_o2_ [_4TT_ x
aY a2 a
• 2TT (1). 2TT . 2TT +Sln -- y + -v Sln -- x Sln -- y
a a a
2TT . • 4TT I (1 4 ) 2TT . 4TT ++ a x Sln a y + 25 - v sin a y Sln a x
4 (4 ) . 4TT . 2TT+ 25 -v Sln -;- Y Sln a x -
('::' sin 2: y + 2; sin '::' Y) (x - :n sin ~" 7] + g' (y)
\.
ov
-=ox
-15-
. 2TT (1). 4TT . '2TT +s~n a x + -\I s~n a x S~n a y .
+
2TT . . 4TT 4 (4 ) . 4TT • 2TT +
- y s~n - x + - -\I s~n - x s~n - y
a a 25 a a
1 (1 4) . 2TT . 4TT+ 25 - \I s~n a x s~n a y -
which, at the plate boundaries, are equal to
eu <± a/2, y) = g' (y)oY
eu (x, ± a/2) = g'(± a/2)ey
eV /.OX <± a 2, y) = h' (± a/2)
~ (x, ± a/2) = hI (x)
(l1a)
(llb)
(llc)
(lld)
On th.e other hand, it can be also verified from Eq. (Be) that the
boundary condition (4) is satisfied by Eq. (7) for the stress function
i, that is,
'T'xy <.± a/2, y) = 0
\.
'T'xy (x, ± a/2) = 0
or in terms of displacements
---------_._..__._-_ .....
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L-oU + OV + a
w a~1 : = 0
Oy ox ox aiJx=.± a/2
These equations, after substitution of Eq. (6) for w, reduce to
au <.± a/2, y) + av <.± a/2, y) = 0 (12a)OY ox
--- ".-. - . .~ _...
au (x, .± a/2) + av (x, .±a/2) 0 (l2b)=
aY ox
Now, we introduce Eqs. (lla) and (lIe) into Eq. (12a)
g'(y) + h'(.± a/2) =0
This implies that function g'(y) must be a constant, that is,
g I (y) = c
1
and by integration
and c = - hi <.± a/2)
1
g(y) = c y + c
1 2
where c is the integration constant and represerits a rigid body trans-
:a
1ation. Since a rigid body motion is out of our consideration,. c may
. :a
be set equal to zero and g(y) becomes
-17-
However, due to .the symmetry of the edge strains and the gebmetry of
the plat~, displacement u must be symmetric about x axis and hence c
1
. must also be equal to zero. Therefore, Eqs. (lla) and (lIb) become
eu / eu /<± a 2, y) = - (x, + a 2) = 0eY eY
With these, Eqs. (12a) and (12b) lead to
~ (± a/2, y) = ~ (x, ± a/2) = 0
Thus the solution for the stress functio~ ~ obtained in Eq. (7) satisfies
boundary conditions (3) and (4) and may be used for further analysis.'
The average membrane stresses p and p can now be determined
. . 1 a
as. functions of the edge strains e
1
and ea. Introducing ~ and ~; from
Eqs. '(10a) and (lOb) into boundary condition (5) and carrying out the
integration,
3 ETF w a
. Ee 0= Pl - 'VPa - '21 aa
3 ETT
2 W 2
Ee o·= p - 'VP
- '2a a 1 aa
or t after rearranging terms,
,.
nO woO ]E
[e1 + ve
. 3 (l+v)
.Pl = +-(l--.P ) a 2 82
E [eo + +1 . nOw']P2 = ve (1+ v) 0(i--.P) 1 2 . aa .
(13a)
(13b)
-18-
By introducing Eqs. (13a) and (l3b) into Eqs. (8a) and (8b), Ox and 0y
are found to be
Ox - _E__ .C:
1(1-v2) L + \Ie2
n2 w 2J(1+\1 ). 8
2
0 +
+ ETf Wo
2 ~2 2TT + 2TT 2TT + .! 4TT +cos -a y cos - x cos -.- Y 2 cos - y
aa a a a
+ is cos 2; y cos ~n x + 2~ cos 2: x cos ": yJ(14a)
and
+ \Ie
1
En3 w a [
+ 0 2
aa
2TT 2TT 2TT 1 4TT
cos - X + cos - x cos - y + - cos - x +
a a a 2 a
+ :5 cos ~n x cos 2; y + ;5 cos 2: x cos 4; a(14b)
The unknown parameter W
o
is now determined by using the principle
of minimum tota1potential. For this purpose the total.potention V must
be expressed as a function of w , and the first variation of it set equal
. 0
to zero.
\ . &V = 0 . or oV = 0OW
o
(15)
where the total poteQtia1 V consists of two parts; the external poten-
tial V
e
and the internal potential Vi'
-19-
The external potential V does not depend on w since the edge
e 0
displacement parameters € and € are prescribed
1 2
V = - (p € + P €) aat
ell 2 2
and, therefore, oV low = O. Equation (15) then reduces to
e 0
The internal potential Vi is equal to the strain energy, and
Eq. (15) thus becomes
aU
-=OW
o
= 0 (16)
Introducing Eqs. (6) and (7) into Eqs. (3) and (4) and sub-
stituting Eqs. (13a) and (13b) for the average membrane stresses p and
1 .
P , the total strain energy U is obtained as a function of edge strains
a
€ and € and the unknown parameter w
.L 2 0
= Et aa [_€l;;..a-::+,-..€,;:.,a_2 + \I €
(l-..r) 2 1
€
2
3n2 w 2
+ 0
2a2
(1+ 'J) (€
1
+ € )+
a
4TT4 t 2 W a TT4 w 4
+ 0 + 0
3a4
.,.
1066
'J - 400 (17)
-20-
with Eq. (17) substituted into Eq. (16) the following equation
for w is obtained in terms of e and e :
012
1 [2 t' 2
= ._. ~(":"'1":"'96::-::6:--+-2=--"-'---:1:-:0:"":'6"':"6-\)-2"':"'") 3" (a)
400 4 \) - 400
+
·3 (+ - (1+ \)' e
4TT2 1
(18)
With w known, the stress function ~ and the deflection surface"
o
w are defined, and thus the solution is completed.
\.
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4. LARGE DEFLECTION ANALYSIS OF PLATES BUCKLED
INTO CYLINDRICAL SURFACE
The energy computation of the panel plate buckled into a cyl-'
indrica1 surface is made for a portion of the plate with a unit width.
The plate geometry and coor~inate system are shown in Fig. 3. The
biaxial compression causing the post-buckling deformation of the plate
is defined by edge strains e and e or edge displacements u and v
1 a . a a
related to each other through
e a
1
u
a
= -2-
e .1
v = _a_
s 2
1he boundary conditions are for the unit plate strip under con-
sideration are:
.(1) Th~ out-of-p1ane deflection is equal to zero at the
clamped edges
w <.± a/2, y) =' 0
(2) The slope is equal to zero at the clamped edges and
the out-of-p1ane deflection is independent of the
coordinate y
owa- (+ a/2, y) = 0Y \:"
= 0 ..
-22-
(3) The edges remain straight
au /2) av ( + /ay (± a ,Y = OX x, 1 2) = 0
(4) The shearing stress is zero at the edges. This con-
dition together with condition (3) requires that
av au
':>v (± a/2, y) = - (x, + 1/2) = 0~ aY
(5) The edge displacements are given by
e
1
a. a/2
au du = -- = S - xa 2 OX
0
e
a
.1 1/2
av dv =--= Sa 2 aY Y
0
The deflection surface of the plate is approximated by
w = W
o
(1 + cos 2; x ) (19)
where w is the arbitrary parameter to be determined. Boundary con-
o
ditions (1) and (2) are satisfied by this expression.
Introducing w into Eq. (la)
,.
-23-
A valid solution for this homogeneous differential equation is
where constants Pl and Pa are the membrane stresses 'in x and y direc-
tions, respectively. The procedure of the proceeding section can be
again used to show that this solution for ~ satisfies boundary con-
ditions (3) and (4).
From Eq. (2) the in-plane stresses are now
O'x = oa~ = p (20a)
oy2 1
oa~ (20b)O'y = -- = Pa
ax2
Txy = -
oa~
= 0 (20c)OX oY
Substituting these 0' and 0' into Hooke's stress-strain relations, the
, ',x y
membrane strains are found to be
\,
Introducing these expressions for ex and ey , and Eq. (~9) for
w into Eqs. (2a) and (2b)
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orr W 2 (~ = -k (Pl - VPa) - -a-2-o- ~ -COS 4: X)
and substituting ~~ and oV into boundary condition (5) and performing
~ oy
the integration
Ec
1
Ec = P -vp
a 2 .1
or after rearranging terms
E [., nO W 0 JPl = + VC + 0(l-~) a a2
E ro + + v nOWoO ]Pa = vc(1-.J3 ) 1 a2
With these p and p the stress function becOmes
1 2
1 E (., no W 0 )t = - + vCa + 0 y2 +2 (1-.J3 ) a2
+! E Go
nO W OJ .
+ vc + v o x 22 (l-\fl ) 1 a2
\.
(21)
The·unknown parameter w can now be determined again by using
o
the principle of minimum total potential, that is, from
..
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oV
Cwo = 0
Since the external potential V does not depend on w , this condition
e 0
becomes
oU
-=0OW
o
(22)
Introducing the stress function ~ from Eq. (21) and the de-
flection function w from Eq. (19) into Eqs. (Sa) and (5b), the total
strain energy U is obtained as a function of the edge strains &1 and
& ,. apd the unknown parameter w.
a 0
U = Us + UB =
Eta
(I-if)
+
"a w a
+ 0
aa
(23)
Differentiation. of U according to Eq. (22) results in the fol-
lowing relation for w in terms of the prescribed edge strains e and e :o . . 1 a
l: (e + \1&) -
"a 1 a
(24)
With w known, the stress function ~ and the deflection func tioD.
o
'..
ware completel¥ defined.
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5. POST-BUCKLING DEFLECTION MODES
The large deflection solutions obtained in the preceeding
sections can be now utilized to compute the energy levels of the two
probable deformation patterns for .agiven set of edge strains 8 1
and 8 2 • The lower level will indicate the pattern, wave or
cylindrical, which the plate will develop. The procedure, although
valid in general, must be performed each time for specific values of
8 1 , 8 2 , and (t/a). In the following this procedure is demonstrated
for Some values typical in practical design of reactor containment
vesse 1s.
Design values of the strains imposed on the linirig at' sig-
nificant ·service stages in the reactor life are given in [lJ and
repeated in the Table. The vertical strain refers to the strains
in the longitudinal direction of the panel plate 8 2 and the circum-
ferential strai~ refers to the strains across the rib anchors 8 1 ,
that is, across the width. These strains were calculated by ignoring'
the contribution of the lining to the deformations of the concrete
wall. Where appropriate, they include a component due to the re-
strained thermal expansion of the lining corresponding to a design
otemperature of 65 C.
In addition to the strains listed in the Table, consideration
should be given to the possibility that the panel under investigation
is a weaker pane110cated between two stronger panels. The difference
~ ..
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.. in- strength may be due to a variation of ~ateria1 propei:des~ ·p1ate·
. thickness or the magnitude of initial o~t-of-f~atness. Motion of
the panel edge due to a greater force in the stronger panel will be
resiste.d by the weaker panel and by the rib anchors at the' junction
of the panels. Because of the flexibility of the shear connections
(~ib anchors) and 10ca1.deformations of the concrete under this
a4ditiona1 load, some slip will occur between the lining amd
the vessel. The slip will result in an increase in the average
strain of the weak panel and a reduction in the average strain
of the . strong. panels.
The problem of these additional studies was studied theoretically
in [3]. Lining strains ~nd connector slips were found for an assumed
lining discontinuity in terms of the vessel service strains and
stiffnesses of the plate and connectors. The lining discontinuity
was assumed to coincide with the buckled panel of the minimum thickness
and yield strength, bounded by unbuckled panels of the maximum thick-
ness and yie 1d strength. It was also assumed that the vesse 1 is
sufficiently rigid compared to the lining for the vessel strains
not to be affected by the lining. This investigation has shown that
the strength and stiffness of the rib anchors are sufficient to limit
the average strain in the buckled panel to 3000 microstrains when the
concrete strain is 1000 microstrains.
In accordance with this study, a· magnification factor of
,.
three is assumed for the values of the circumferential strains in
the Table (the second number in each block). A comparison of thus
magnified circumferential strains with longitudinal strains indicates
that.essentia1lya11 service conditions fall within the. range of the
-28-
.
strain ratios· (E:/E:2)= 2.0 and (E: l fE: 2) =' 3.0. These ratios are
therefore used in the study here.
In the ·comparison of the energy levels the strain. energy
-·per unit length of the pane 1 plate is used. For the pane 1 plate
buckled into a wave surface, the strain energy per unit length is
obtained by dividing the strain energy of the clamped square plate
considered in Section 3 by the side length a. The strain energy_
per unit length of the panel plate buckled into a cylindrical surface
is given by Eq. 23. The strain energy levels per unit length for--
-
the two assumed deflection modes were obtained here in nondimensional
form for aft ratios of 40, 60, 80 and for values of E: l up to 3000
micros trains with (E: l fE: 2) = 2.0 or 3.0.
Sample calculations are made in the following for ~lfE:2 =
2.0 a~d v = 0.3. From Eq. (17) the strain energy of the clamped
square plate is given by
U = Eta~ [0. 775
.(l-v )
w 2
28 80 to)2 + 129.50 (!)2 (-.£) +
• E: l a a a
from which the strain energy per unit length of the panel plate
buckled into a wave surface is obtained in nondimensional form
. U' 1-v
2 (!!) [0. 755E:i + 28.80 E: l <:0)2 += (Eta) =a
~. + 129.5 (!)2 to)2 + 522.0 (:0)4]a a ,.
where paremeter w is found from Eq. (18)
°
0.0247 E: l
-29-
.Analogous equations can be derived also for the panel plat~
. buckled into a cylindrical surface from Eqs. (23) and (24).
The strain energies per unit length for the two pptentia1
.
deflection modes are plotted against the circumferential strain
€1 for strain ratios ~f €lf€2 = 2.0, 3.0 and for aft ratios of 40
and 80 in Figs. Sa, b, and 6a, b.. As can be seen from these figure s ,
in the post~buck1ing range the strain energy of the panel plate
buckled into a cylindrical surface is always smaller then the strain
energy of the panel plate with a wave mode. Therefore, it can now
be concluded that the deflection shape of the panel plate is a
cylindrical surface when the values of €/€2 typical for practical
design are used. Of course any other combination of €1' €2' and
(aft) can be readily investigated following the above described pro-
cedure.
It should be observed that the equations derived for the
deflections in the post-buckling range can be used directly to compute
the intensities of the edge ~trains (or stresses) which would cause
buckling. All that is needed is to set w = 0 in Eq. (18) for the
. 0
wave surface (oX'in Eq. (24) for the cylindrical surfa.ce) and solve
for the critical value of the edge strain. The critical stresses
are then computed from the strains.
\.
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, 6. SUMMARY, CONCLUSIONS AND RECOMMENDATIONS
The study presented here is concerned primarily with the
determination of the deflection mode which the lining plate is most
likely to develop. As the alternate modes a wave and a cylindrical
surfaces were considered and the lower strain energy level for the
same edge displacemeq.t was used as a criterion.
The wave surface was assumed to have the length of each
buckle equal to the panel width. Thereby the large deflection analysis,
of the wave surface was simplified to analyzing a clamped square
plate. A one-term deflection function was assumed and the principle
of minimum total potential was used to develop an equation for the
deflection in terms of the plate slenderness ratio (alt) and the
magnitude of the edge strains in the two directions., Strain energy
in the post-buckling range could then be computed for a unit length
of the plate.
An analogous, but simpler, procedure was needed to analyze
the plate for cylindrical deflection mode and compute the strain
energy.
Strain ranges due to service conditions encountered in
typical practical designs were reviewed to establish a range for
\
numeric'al computations. A ,modification of these strains was intro-
duced to accomodate the critical condition when a weaker plate panel
buckles between two stronger panels and the shear anchors allow a
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slip of the edges, thereby increasing cir~umferential strains
(e l ) in the weaker panel. It was concluded that strain r~tios between
(e1fe 2) = 2.0 and (e l fe 2) = 3.0 with e1 going up to 3000 mlcrostrains
represent a typical situation.
Plots of strain energy are shown in. Figs. 5 and 6 for these
conditions with (aft) = 40 and 80; It can be seen there that the
cylindrical mode of post-buckling deflection requires a lower energy
level and thus is the one to be expected. This is very fortunate
since a cylindrical deformation surface can be analyzed for the
ultimate strength much more easily than a wave surface. This is
also fortunate from another point of view and that is that in previous
designs only the possibility of cylindrical deformation has been
considered [18J •
. A study for lower strain ratios, that is, (e 1fe 2) less than
2.0, indicates in Fig. 4 that a possibility may exist not only for
a wave surface but also for a change-over from a cy1indri~a1 surface
to a wave surface (secondary buckling).
Although the analysis was performed assuming only a one-
term deflection function, it is believed that this was sufficiently
adequate for the intended purpose of determining which deflection mode
should be expected iri the plate lining of prestressed concrete contain-
ment vessels •.
. \.
An improvement in the analysis will be obtained by intro-
ducing more terms in the w-deflection function, both for the
cylindrical and wave surfaces. The wave surface analysis will also be
considerably improved by treating the lining not as a s·eries of ~quare
iF··
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plates but asa series of rectangular plates with the length being·
another unknown parameter to be optimized. Also, unknown functioqs
for u and v displacements would be helpful. Of course; other methods,
such as, finite element, lumped parameter, etc., may be employed
in solving this problem, especially in the plastic range.
\.
---_. .. ..... ... __.- ..._-_._--_..._---_.__._-------_._- ---------
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t.
.Height above the center plane of the reactor vessel (in.)
""
Condition -360 -300 -180 -60 .60 180 300 360
vert. vert. vert. vert. vert. vert. vert. vert.
eire. eire. eire. eire. eire. eire. eire. eire.
Prestress 1120 890 580 440 402 572 765 955307 502 560 609 650 605 547 385
Pressure 688 622 529 485 451 463 502 529test 290 363 373 384 423 417 408 149
Operating . 1083 976 845 838 834 830 915 984. 717651 729 783 818 842 819 785
Liner hot 1710 1480 1170 1030 992 1102 1355 1545897 1092 1150 1199 1250 1195 ' 1137 955
(Compression is positive)
. Table: . Typical Strains (xl08 ) in Lining of Reaeto~ Vessels
..
Height of the Reactor Vessel
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(a) Panel Plate Buckled into a Wave
Surface
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(b) Panel Plate Buckled into a Cylindrical
Surface
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Figure 1: Assumed Deflection Shapes of the Panel Plate
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FigUre 2:' Clamped Square Plate under Biaxial Edge: Strains .
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